Motivated by the existence of exact many-body quantum scars in the AKLT chain, we explore the connection between Matrix Product State (MPS) wavefunctions and many-body quantum scarred Hamiltonians. We provide a method to systematically search for and construct parent Hamiltonians with towers of exact eigenstates composed of quasiparticles on top of an MPS wavefunction. These exact eigenstates have low entanglement in spite of being in the middle of the spectrum, thus violating the strong Eigenstate Thermalization Hypothesis (ETH). Using our approach, we recover the AKLT chain starting from the MPS of its ground state, and we derive the most general nearestneighbor Hamiltonian that shares the AKLT quasiparticle tower of exact eigenstates. We further apply this formalism to other simple MPS wavefunctions, and derive new families of Hamiltonians that exhibit AKLT-like quantum scars. As a consequence, we also construct a scar-preserving deformation that connects the AKLT chain to the integrable spin-1 pure biquadratic model. Finally, we also derive other families of Hamiltonians that exhibit new types of exact quantum scars, including a U (1)-invariant perturbed Potts model. |+ , |0 , |− respectively. Labelling the state with total spin j, j ∈ {0, 1, 2} and its z-projection m, m ∈ {−j, −j + 1, · · · , j} as J j,m , they read
I. INTRODUCTION
The study of ergodicity and its breaking in isolated many-body quantum systems has been a growing area of research. A central principle that governs the thermalization of initial states under time-evolution by a Hamiltonian is the Eigenstate Thermalization Hypothesis (ETH) [1, 2] , which states in its strong form that all eigenstates of an ergodic system display thermal behavior. Most Hamiltonians are believed to satisfy ETH, but two mechanisms of ETH-violation are widely known: integrability and many-body localization [3] , where all eigenstates violate ETH. Quantum many-body systems that exhibit so-called quantum many-body scars have been recently added to the list of ETH-violating phenomena. In these systems some, but not all, eigenstates of a Hamiltonian violate ETH. The first exact examples of quantum scars include a systematic embedding of nonthermal eigenstates in a thermal spectrum [4] , and an equally spaced tower of ETH-violating eigenstates discovered in the spin-1 Affleck-Kennedy-Lieb-Tasaki (AKLT) chain [5] [6] [7] .
The interest in quantum scars primarily originates from an experimental observation of anomalous dynamics in a Rydberg atom experiment [8] , where quenches from a specially prepared initial state showed strong revivals and slow thermalization. Such anomalous dynamics were traced numerically to the initial state having a high overlap with an equally spaced tower of apparently ETH-violating eigenstates in the so-called PXP model [9] , a Rydberg-blockade Hamiltonian modelling this experiment [10, 11] . Various attempts to explain the anomalous dynamics phenomenon include connections to classical scars on an emergent classical mani-fold [12, 13] , proximity to integrability [14] , existence of momentum-π quasiparticles on top of an exact [15] or approximate [16] eigenstate, and construction of parent Hamiltonians with almost-perfect revivals [17] , including by using ideas from Lie algebras [18] . Furthermore, the presence of approximate revivals has also been demonstrated numerically in a variety of other models resembling the PXP model [12, [19] [20] [21] . In addition, there are several theoretical and numerical works explore systems showing anomalous dynamics and the phenomenology of quantum scars [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] .
The exact eigenstates in the AKLT chain also are composed of multiple momentum-π quasiparticles on top of the ground state [5] [6] [7] . Subsequently, many similar examples of exact ETH-violating eigenstates were discovered. Some non-integrable systems exhibit a few solvable eigenstates [40, 41] , whereas exact towers of states embedded in a thermal spectrum were discovered in a variety of models, for example in the spin-1 XY models [42, 43] and a spin-1/2 domain-wall conserving model [44, 45] . These towers of equally spaced eigenstates also resemble the η-pairing states that long have been known to exist in the Hubbard and related models [46] [47] [48] . In some of these models, the quantum scars can be understood using a formalism developed by Ref. [4] , where ETH-violating eigenstates can be embedded systematically in the middle of an ETH-satisfying spectrum. However, it has not been clear if some other models -for example the AKLT chain -are isolated scarred points in the space of Hamiltonians or if they are part of a much larger family of quantum scarred Hamiltonians, although recent work in Ref. [45] has shed light on this question for the AKLT chain.
Given that the ground state of the AKLT chain [49] is arXiv:2002.11725v1 [cond-mat.str-el] 26 Feb 2020 also a paradigmatic example of a Matrix Product State (MPS) [50] , it is natural to wonder if the powerful tools developed in the context of MPS [51] [52] [53] can be used to understand the exact excited states in the AKLT chain. The exact excited states for the AKLT chain are known to also have simple MPS descriptions, which motivates the search for a general connection between MPS wavefunctions and quantum scarred Hamiltonians. In this work, we provide a general formalism for constructing quantum scarred Hamiltonians starting from an MPS wavefunction. Given an MPS wavefunction, the so-called parent Hamiltonian construction provides a family of Hamiltonians for which said MPS is an eigenstate. In the large family of such parent Hamiltonians, we illustrate a method to look systematically for the subfamilies of Hamiltonians with quantum scars. Using this approach, we recover the analytical examples of quantum scars of the AKLT chain [6, 7] and generalize them in three directions. First, we obtain a 6-parameter family of nearestneighbor Hamiltonians that all have the AKLT tower of states as exact eigenstates. Second, we start with a generalization of the AKLT MPS and obtain a class of Hamiltonians with new towers of exact eigenstates. Using this generalization, we also show that the AKLT chain can be continuously deformed to the (integrable) spin-1 biquadratic model, while preserving the quantum scars. Finally, we use our formalism to show examples of new types of quantum scars in a Potts model perturbed to have a U (1) symmetry and exact ground states [54] , and we discuss generalizations therein. This paper is organized as follows. In Sec. II, we review the basic concepts of MPS and quasiparticle excitations in the MPS language used in the rest of the paper. In Sec. III, we review the construction of parent Hamiltonian of an MPS ground state using the AKLT chain as an example. In Sec. IV, we give the main result of the paper, the extension of the parent Hamiltonian construction to include a tower of states composed of single-site quasiparticles. We illustrate this method by obtaining a family of Hamiltonians for which the AKLT tower of states remain eigenstates. In Sec. V, we use our formalism to obtain a new family of quantum scarred models starting from a generalized AKLT MPS. We construct a continuous scarpreserving path from the AKLT chain to the integrable spin-1 biquadratic model. Further, in Sec. VI, we discuss the extension of our formalism to a tower of two-site quasiparticles, and we show that the U (1)-invariant perturbed Potts model of Ref. [54] exhibits such a tower of states. We present our conclusions in Sec. VII.
II. REVIEW OF MATRIX PRODUCT STATES (MPS)

A. Ground State
Consider a one-dimensional quantum chain with a d-dimensional Hilbert space on each of the L sites.
The many-body basis of the system is labelled by |m 1 , m 2 , · · · , m L , where m j runs over a basis of the single-site Hilbert space. A wavefunction |ψ on such a system is a Matrix Product State (MPS) if its decomposition in this basis reads [51] 
is a χ×χ matrix, χ being the bond dimension of the MPS and thus the {A j }'s are d×χ×χ tensors. The trace arises from the periodic boundary conditions we impose. In this work, we use the following graphical and shorthand notations to represent such a wavefunction
In Eq. (2), we use the brackets [ ] to indicate that the auxiliary indices at the ends have been contracted. It is also sometimes useful to address segments of the wavefunction |ψ of Eq. (2), for which we use the shorthand notation without the brackets [ ], for example
is a χ × χ matrix for given values of m 1 and m 2 .
Although the tensors {A j } in Eq. (1) can be sitedependent, a translation-invariant wavefunction can always be represented by an MPS with a site-independent tensor A [51] . That is, any translation invariant MPS wavefunction |ψ A can be represented as
where we have used the shorthand notation of Eq. (2). A well-known class of wavefunctions with MPS forms are Valence Bond States (VBS) [50, 55, 56] . Among these, the Affleck-Lieb-Kennedy-Tasaki (AKLT) states [49] have been used to prove rigorously several important results, such as the existence of the Haldane gap in integerspin chains [5] . For the AKLT state, the MPS tensors {A [m] } are given by [7, 52] 
Here we use the labels +, 0, and − to label the S z = +1, 0, and −1 spin-1 basis states respectively. Thus, the physical dimension d = 3 and the bond dimension χ = 2.
In addition to such exact examples of MPSs, groundstate wavefunctions of gapped local Hamiltonians can be approximated by an MPS with a small bond dimension χ [57] . Such a property has led to major developments in numerical simulations of one-dimensional systems [52, 53, 58] .
B. Quasiparticle Excitations
In addition to efficiently describing ground states of gapped one-dimensional Hamiltonians, MPSs can also be used to efficiently describe quasiparticle excitations above the ground state. These techniques were pioneered by works on so-called tangent space methods [59] [60] [61] . A single-site quasiparticle excitation with momentum k on top of the MPS state |ψ A is given by
where B [mj ] is a χ × χ matrix with physical dimension d. Using the shorthand notation of Eq. (2), we denote Eq. (6) as
where the j on top of the B operator tags its position on the lattice. In the context of the Single-Mode Approximation, the quasiparticles are usually described by in terms of a single-site "quasiparticle creation operator" O, such that
which we denote in shorthand as For example, in Ref. [6] , the AKLT chain was shown to have an exact low-energy eigenstate given by 
is the only non-trivial matrix, a direct consequence of the (S + ) 2 operator acting on spin-1.
C. Tower of Quasiparticle States
In addition to single quasiparticles, multiple identical quasiparticle states can be described in the MPS formalism using multiple tensors. For example, the expression for a state with two quasiparticles described by tensor B with momenta k reads
Such a state can also be expressed in the MPS language as
[A · · · ABA · · · ABA · · · A]
where we have used the shorthand notation of Eq. (2) and defined
For example, in the AKLT chain, O = (S + ) 2 and hence B 2 = 0. Similarly, a state with a number n of B quasiparticles reads
j l j1 j l jn [A · · · ABA · · · ABA · · · ABA · · · A] , (15) where B is replaced by B m if m of the j l 's are equal. If these states { ψ A (B n , k) } are eigenstates of the Hamiltonian, they form a tower of (quasiparticle) states corresponding to the quantum many-body scars.
III. PARENT HAMILTONIAN
A. General Construction
Given an MPS wavefunction |ψ A of the form of Eq. (4) with a finite bond dimension χ, we can construct the most general Hamiltonian for which |ψ A is a frustrationfree eigenstate. 2 That is, we can construct a Hamiltonian H that is a sum of local terms acting on a finite number of consecutive physical sites such that each of the local terms vanishes on |ψ A . Thus, we are looking for Hamiltonians that satisfy the property
where h j is a local operator with a finite support, j denoting the leftmost site of this finite support. In general, h j in Eq. (16) is a local operator that acts on several consecutive sites. However, in this work, we always restrict ourselves to the case where h j is a two-site operator, and the generalization of our formalism to multisite h j is straightforward. Denoting the two-site h j diagrammatically as
a sufficient condition for Eq. (16) is if the operator h j satisfies = 0 or h j |AA = 0.
To obtain such an operator h j , we consider the MPS on two consecutive sites |AA . |AA can be interpreted as a map from the space of χ × χ matrices H χ 2 to vectors on the physical Hilbert space of two sites H d 2 as follows:
Diagrammatically, this map reads
2 Note that parent Hamiltonian constructions are typically restricted to constructing Hamiltonians with |ψ A as the ground state. However, such constructions straightforwardly work for highly excited eigenstates.
To construct the local operator h j that satisfies Eq. (18), consider the subspace A in the physical Hilbert space of two sites (A ⊆ H d 2 ) defined as
where X runs over a complete basis of χ × χ matrices. For example, a complete basis is the set of matrices {X (m,n) }, each of which has a single non-zero element given by X (m,n) ij = δ m,i δ n,j . Such a choice of basis obviously is not unique. For χ = 2, a convenient choice is
A has a smaller dimension than the H d 2 and thus A is strictly contained within (but not equal to)
For the local operator h j to vanish on |ψ A , it is then sufficient to choose any operator that is supported in A c . That is the d 2 ×d 2 matrix of h j that satisfies Eq. (16) has the following block-diagonal form in the basis of {A c , A}:
where Z
is an arbitrary Hermitian matrix with dimension that of A c . Thus, the Hamiltonian H of Eq. (16) with h j of the form of Eq. (23) is a "parent Hamiltonian" of the the MPS wavefunction |ψ A . If we also require that |ψ A be the ground state of the Hamiltonian H, we then require Z j to be a positive definite matrix.
B. AKLT State Example
We now illustrate the parent Hamiltonian construction for the AKLT ground state, with MPS tensors given in Eq. (5). Since d 2 = 9 > χ 2 = 4 for the AKLT MPS, we are guaranteed that A ⊂ H d 2 , allowing the construction of nearest-neighbor terms h j that vanish on the MPS state |ψ A . As shown in App. A, the subspace A defined in Eq. (21) can be explicitly computed using the AKLT tensors of Eq. (5) . As shown there in Eq. (A10), we obtain
where J j,m is the total angular momentum eigenstate of two spin-1's with total spin j and its z-projection m; they are listed in App. B. That is, the Hilbert space of two spin-1's decomposes into total angular momentum sectors with total spin 2, 1, or 0 as
and A spans the total spin 1 and 0 subspaces. In the spin-1/2 Schwinger boson language, this is evident as there is a spin 1/2 singlet between any two adjacent sites. The remaining spin 1/2's, one on each adjacent site, cannot clearly sum to spin-2. Hence its orthogonal subspace A c spans the total spin-2 subspace, i.e.
Thus, following Eq. (23), with the elements of Z j defined as
the most general nearest-neighbor Hamiltonian with |ψ A as a frustration-free eigenstate reads
with Hermiticity imposing z
However, imposing symmetries on the Hamiltonians restricts the form of Z j . For example, translation invariance requires that Z j be independent of j. S z -spin conservation U (1) symmetry requires that Z j be diagonal, since the operators J 2,m J 2,n do not preserve the spin S z for m = n. Furthermore, imposing SU (2) symmetry on the parent Hamiltonian requires that all the operators J 2,m J 2,m appear with the same coefficient in the Hamiltonian. Thus, with translation invariance and SU (2) symmetry, the local term of the parent Hamiltonian is uniquely determined to be
where c is an arbitrary constant P (2,1) is the projector of two spin-1's onto total spin 2, which is nothing but the local term of the AKLT Hamiltonian.
IV. QUANTUM SCARRED HAMILTONIANS
Having constructed the most general nearest-neighbor Hamiltonian for which |ψ A is a frustration-free eigenstate, we would like to determine the set of conditions on Z j in Eq. (23) such that the Hamiltonian H exhibits a quasiparticle tower of states. For example, in the case of the AKLT MPS, we know that the AKLT Hamiltonian (Z j = 1) exhibits a tower of states [6, 7] . Here we show that there are other choices of Z j for which the states in the AKLT tower are eigenstates.
A. One Quasiparticle Eigenstate
We now illustrate the formalism to construct a Hamiltonian with a single quasiparticle eigenstate in addition to a frustration free MPS eigenstate, similar to the case discussed in Sec. II B. That is, given an MPS wavefunction |ψ A , we want to obtain a Hamiltonian, with |ψ A as an eigenstate, that also has a quasiparticle eigenstate of the form ψ A (B, k) of Eq. (6) with energy E. As we show in App. C, a sufficient local condition is (using the shorthand notation of Eq.
To find operators that satisfy Eq. (30), similar to Eq. (19), we view |BA + e ik |AB as a map from the space of χ × χ matrices H χ 2 to the physical Hilbert space of two sites H d 2 :
|BA + e ik |AB :
We define the subspace B (⊆ H d 2 ) as
where X runs over a complete basis of χ × χ matrices.
In terms of a single-site quasiparticle creation operator O for which the tensors B and A satisfy Eq. (8), the subspace B reads
. Defining the complement as
the h j satisfying Eq. (30) reads
is an arbitrary matrix with the same dimension as B c . However, to obtain h j that satisfies both Eq. (18) and Eq. (30) with E = 0, it is essential that A lies within the subspace B c in Eq. (36) . In other words, we require
In fact, operators O and momentum e ik for which B satisfies Eq. (37) can be found by solving the linear equation
(38) Assuming Eq. (37) is satisfied, the term h j has the structure
here is an arbitrary Hermitian matrix with the same dimension as A c /B.
B. Tower of Quasiparticle Eigenstates
Given the most general Hamiltonian of the form of Eq. (39) that has a single-quasiparticle eigenstate, we now wish to construct a Hamiltonian with a tower of quasiparticle eigenstates of the form of Eq. (15) in Sec. II C. One way to do so is to impose emergent constraints on the quasiparticles, similar to the tower of states in the AKLT chain [6] (as we show in Sec. IV C) and the ones in Ref. [16] . For example if the quasiparticles are naturally constrained to be at least one site away from each other, the quasiparticles do not interact with each other under a nearest-neighbor Hamiltonian and, as we show in this section, we can construct eigenstates composed of multiple identical quasiparticles. In terms of the MPS, such a condition reads
and
A is defined in Eq. (21) . Eq. (40) 
Due to Eq. (40), the tower is guaranteed to end on the state after L/2 + 1 applications of P on the state |ψ A since
C. Models with AKLT Tower of States
We now show that the scars in the AKLT chain [6, 7] can be explained in this formalism, and we construct a family of nearest-neighbor Hamiltonians for which all the scars of the AKLT chain are eigenstates. We start with the spin-1 AKLT ground state MPS of Eq. (5), and take the operator O and momentum k to be
The subspace B defined in Eq. (34) then reads
where A for the AKLT MPS is shown in Eq. (21) . We can compute the subspace B by noting two important properties of the operator (S + ) 2 : (i) it is a spin-2 op-
under exchange of the two sites involved in Eq. (46) . We then can deduce the following (see Eqs. (A11)-(A15) in App. A for an explicit derivation):
1. The vector J 1,1 in A with spin 1 vanishes under the action of (S + ) 2 since a vector with spin 3 cannot be formed from two spin-1's.
2.
Since the vector J 0,0 in A is symmetric under exchange, it vanishes under the action of (S + ) 2 since an antisymmetric vector with spin 2 cannot be formed from two spin-1's.
3. The remaining vectors in A: J 1,0 and J 1,−1 are antisymmetric under exchange, and thus under the action of (S + ) 2 result in symmetric states with spins 2 and 1 respectively (i.e. J 2,2 and J 2,1 respectively).
Thus, 
with
Note that E in Eq. (48)) is only an overall scale. This 6parameter family of nearest-neighbor Hamiltonians was also obtained very recently in Ref. [45] . If we demand conservation of S z , we need to set
yielding a three-dimensional family of Hamiltonians. The AKLT Hamiltonian is recovered by setting z (m,n) = Eδ m,n .
Instead of assuming O and k in Eq. (45), we can also arrive at that choice by brute force solving Eq. (38) for e ik and O given the AKLT MPS of Eq. (5) . Solving for the 10 variables (k and 9 parameters in O) using symbolic computation software, we obtain the solutions
where {·, ·} represents the anticommutator. This guarantees the existence of Hamiltonians with local terms of the form Eq. (39) having one-quasiparticle eigenstates with energy E of the form
where O j is chosen from Eq. )). The five independent excited states there span the entire multiplet of spin-2 magnon state, as shown in App. D. 3 We further impose Eqs. (40) and (41) on O, and by numerical brute force we obtain precisely two choices for O:
These are the only choices of single-site operators that generate the tower of states starting from the AKLT MPS. These two towers are actually equivalent in the AKLT chain since they correspond to highest and lowest states of the same multiplet of the SU (2) Having established the formalism to construct quantum scarred models starting from an MPS, we now deform away from the AKLT MPS and obtain new families of quantum scarred Hamiltonians. Since we start with a different MPS, the tower of states presented in this section is distinct from the AKLT tower of states. In particular, we consider the following generalization of the AKLT MPS of Eq. (5)
where one of c + , c 0 and c − is fixed by the normalization of the MPS wavefunction |ψ A . Note that for (c + , c 0 ,
, the MPS of Eq. (55) coincides with some of the ones considered in Ref. [62] . By numerical brute force, we find that Eqs. (38) , (40) and (41) are satisfied for for the MPS A if O = (S + ) 2 and k = π. Thus, there exist Hamiltonians for which the MPS of Eq. (55) are frustration-free eigenstates and a tower of eigenstates can be built from them with the same raising operator P as that of the AKLT tower of states. As we show in App. A, the subspaces A and B for the MPS of Eq. (55) read
where we have defined
Note that the subspaces A and B in Eq. (56) are orthogonal irrespective of the values of (c + , c 0 , c − ), and Eq. (37) is satisfied. Furthermore Eqs. (40) and (41) are satisfied for the same reasons as those for the AKLT MPS (see Sec. IV C). Since the dimensions of the subspaces A and B are the same as that in the AKLT case (see Eq. (47)), we can similarly derive the 6 parameter family of Hermitian nearest-neighbor Hamiltonian that has a tower of states generated from the MPS eigenstate of Eq. (55), composed of the local term h j of the form of Eq. (23). Thus, the most general Hamiltonian with such a tower reads
B. Deformation to Integrability
Continuous deformations maintaining exact ground states connect the AKLT and the spin-1 biquadratic chains [50] . Here we give a continuous deformation that preserves a tower of exact quasiparticle states as well. The biquadratic chain is integrable [63] , in contrast to the other Hamiltonians considered in this paper.
We start with the observation that (see App. E)
where S · S is the usual two-site Heisenberg interaction:
Thus, if we set
using Eq. (57), Eq. (59) can be written as
The Hamiltonian built from Eq. (62) is thus of the form of Eq. (58) with the parameters
Thus, in the space of quantum scarred Hamiltonians considered here, the AKLT and pure biquadratic models are located at the following points
We consider a path between the two given by
We recover the AKLT chain (up to a constant factor and constant shift) by setting θ = cot −1 3, and the pure biquadratic model by setting θ = π/2. The Hamiltonian parametrized by θ reads
up to an overall factor and constant shift. We thus recover the usual bilinear-biquadratic chain plus an additional term proportional to
The model of Eq. (65) thus has a tower of exact eigenstates with spacing E = 4 cos θ starting from the ground state.
VI. NEW TYPE OF QUANTUM SCARS: TWO-SITE QUASIPARTICLE OPERATORS
In the previous sections, we assumed that the quasiparticle that constitutes the tower is a one-site operator, and we found a family of quantum scarred Hamiltonians where the quasiparticle creation operator is the same as the one in the AKLT chain [6] . Here we relax the constraint that the quasiparticle be a single-site operator, and find examples of Hamiltonians that contain a tower of states of a different type. In this way, we clearly show that our construction gives rise to many Hamiltonians which contain scar states.
A. Scars with two-site quasiparticles
We first set up the general formalism for obtaining Hamiltonians that have a two-site quasiparticle tower of states. Similarly to the case of single-site quasiparticles, we focus on Hamiltonians that satisfy Eq. (16), i.e. those which have a frustration-free MPS eigenstate |ψ A of the form Eq. (4). As illustrated in Sec. III, the most general nearest-neighbor Hamiltonian with such a property has a local term of the form of Eq. (23). A two-site quasiparticle BB has the form
In shorthand, we write
where O (2) is a nearest-neighbor two-site operator. The wavefunction with the quasiparticle dispersing with momentum k then reads
In App. F we show that a set of sufficient conditions for the existence of an eigenstate of the form of Eq. (69) with energy (2E 1 + E 2 ) reads = 0 or h j |AA = 0,
= E 2 or ( h j − E 2 ) BB = 0, (71) 
here is an arbitrary Hermitian matrix with the same dimension as A c /B, A c being the complement of A (see Eq. (22)) .
To aid in finding a solution to Eq. (72), we decompose the two-site quasiparticle BB as
where B l and B r are one-site MPSs. Note that the decomposition of Eq. (75) is not unique, and B
[α] l and B
[α] r (where α is the physical index) need not be square matrices. That is, the contracted auxiliary index in Eq. (75) (denoted by a dashed line) can have a different dimension than that of contracted auxiliary indices (denoted by solid lines). As we show in App. G, it is sufficient to find a two-site operator h j and a one-site MPS C such that
Generically it is not clear we can find terms h j of the form of Eq. (74) (for some Z (A c /B) ) that also satisfy Eqs. (76) and (77). However, in the next subsection, we show that when we restrict ourselves to a particular form of the MPS matrices, we can fix the form of Z (A c /B) such that Eq. (72) is satisfied. Similar to the one-site quasiparticle, we can obtain a tower of equally spaced eigenstates composed of the BB quasiparticles if BB obeys the additional constraints that generalize Eq. (41) . As we show in App. F 2, a sufficient condition is to constrain the quasiparticles to be at least one site away from each other. That is, we require
where O (2) j is the two-site quasiparticle creation operator. Similar to Eq. (42), we then obtain a tower of equally
Note that the tower is guaranteed to end on the state after L/3 + 1 applications of P (2) on the state |ψ A since we can have at most L/3 BB quasiparticles on the chain that satisfy the constraints of Eqs. (78)-(80).
B. Concrete example: Perturbed Potts MPS
We now provide a concrete example of a model where we find a two-site quasiparticle tower of states of the form discussed in Sec. VI A. Throughout this section, we use as an example the MPS
This MPS is the ground state of the Hamiltonian [50, 54] 
As apparent, H PP has a U (1) symmetry corresponding to the total spin j S z j . In addition, it has a spin-flip symmetry (P z ) given by S + j ↔ S − j and S z j ↔ −S z j , and inversion symmetry (I), defined by taking all operators at site j to site L + 1 − j for a chain of length L. The Hamiltonian of Eq. (84) arises from perturbing the S 3invariant three-state Potts chain by shortest-range U (1)invariant interaction [54] .
We show that H PP has a two-site quasiparticle tower of exact eigenstates, and derive a family of Hamiltonians with a similar tower of states. In order to do so, we construct the subspace A defined in Eq. (21) . As shown in Eq. (H4) in App. H, the subspace reads A = span{ J 2,0 , J 2,−1 , J 1,0 , J 2,1 }.
(85)
We now consider the quasiparticle creation operator 
The Hamiltonian term that satisfies Eqs. (70)-(72) then reads
where Z (A c / B)/C j is an arbitrary matrix with the same dimension as (A c / B)/C and we have defined the subspace C as 
which can be obtained from Eq. (93) by setting
As discussed in App. J, we can repeat this exercise for the generalized perturbed Potts MPS that reads
where one of c + , c 0 , and c − is fixed by normalization. We note that we can build a scar-preserving deformation from the perturbed Potts model of Eq. (84) to the spin-1 pure biquadratic Hamiltonian similar to the scarpreserving deformation of the AKLT chain illustrated in Sec. V B.
C. Numerical evidence of Quantum Scars
As a check on our calculations, we here present numerical evidence for the two-site quasiparticle tower of states in the perturbed Potts model of Eq. (84). In Fig. 1(a) we also give the level-spacing distribution for one of the quantum-number sectors for periodic boundary conditions. The fact that it fits to the Gaussian Orthogonal Ensemble gives strong evidence for the non-integrability of the model. The presence of these excited states can be seen by dips in the von Neumann entanglement entropy S EE , as shown in Fig. 1(b) . The states of the two-site quasiparticle tower are denoted by the red crosses. While we only analyzed above one family of exact excited states in the perturbed Potts model, there are others analogous to the Arovas states found previously in the AKLT chain [6, 7, 64] as well as the family of excitations found in Ref. [43] (all of which have energy E = 0 here).
VII. CONCLUSIONS
We have provided a formalism to search and construct quantum scarred models starting from a Matrix Product State wavefunction. The scarred Hamiltonians we construct have a quasiparticle tower of exact eigenstates in their spectra. We have illustrated our method thoroughly for single-site quasiparticles by constructing a 6parameter family of nearest-neighbor Hamiltonians that have the exact quantum scars of the AKLT chain as eigenstates. Applying our construction to a more general class of MPS wavefunctions, we showed that the scars of AKLT chain [6, 7] can be continuously deformed to a symmetry of the pure biquadratic spin-1 model, an integrable model. Further, we generalized our construction to the case of two-site quasiparticles and we obtain new types of quantum scarred models. We illustrated these results with the help of a concrete example of the perturbed Potts model [54] , which we show that hosts a tower of exact eigenstates composed of two-site quasiparticles.
We believe that our formalism can be generalized to include a wide variety of known models with quantum scars, including the spin-S AKLT chains. We also expect that many more models with quantum scars can be obtained by relaxing several assumptions introduced for pedagogical reasons in this work, such as single-site or two-site quasiparticle creation operators or nearestneighbor Hamiltonians. It would also be interesting to work out the exact relation between the MPS construction of scars and the unified formalisms recently proposed in Refs. [45] and [18] , and formulate a dimension independent understanding of scars. It should also be possible to extend our formalism to higher dimensions using Projected Entangled Pair States (PEPS) [65] and search for higher dimensional quantum scarred models, a question we defer for future work.
On a different note, given that the PXP model has exact MPS eigenstates [40, 66] as well as an approximate MPS ground state [67, 68] , it is natural to ask if the scars exhibited there have any connections to the formalism developed here. Furthermore, the deformation to integrability raises questions of whether quantum scarred Hamiltonians are always connected to integrable ones, as suggested by numerical explorations around the PXP model [14] .
Note added : Recently Ref. [45] derived a general nearest-neighbor Hamiltonian that exhibits the scars of the AKLT chain as eigenstates using a different approach. Our results agree where they overlap.
Here we compute the subspaces A and B of Eqs. (21) and (33) for an MPS of the form
where σ + , σ − , and σ 0 ≡ σ z are the Pauli matrices. Note that the AKLT MPS of Eq. (5) is recovered by setting
Compactly, we can write
We first compute the subspace A for the two-site MPS defined as 
After normalization, it reads
Thus, for the AKLT MPS, using Eq. (A2) we obtain
The states in Eq. (A8) are indeed proportional the total angular momentum eigenstates obtained from two spin-1's:
Thus, A for the AKLT MPS reads
where the total angular momentum eigenstates J j,m are enumerated in App. B. Using the operator O = (S + ) 2 , the B subspace defined in Eq. (34) reads
Note that the action of (S + ) 2 on J 1,1 in A vanishes since (S + ) 2 is a spin-2 operator:
Furthermore, we obtain
(A13) On the remaining vectors in A, J 1,0 and J 1,−1 , we find that
which have been shown heuristically in the main text. Thus, we obtain
which is independent of the c m 's. Thus, using Eqs. (A8) and (A15), we obtain
(A16)
Appendix B: Total Angular Momentum Eigenstates
In this Appendix, we list the various total angular momentum eigenstates of two spin-1's. We denote the single site spin-1 basis vectors with S z = +1, 0, −1 by Thus,
Thus, the conditions of Eqs. (18) and (30) guarantee a quasiparticle eigenstate of H with energy E = 2E.
Tower of states
Here we show that in addition to Eqs. (18) and (30), Eqs. (40) and (41) guarantee the existence of a tower of quasiparticle exact eigenstates (rewriting here for convenience)
We first illustrate the exactness for two quasiparticles dispersing in the ground state background, by defining the configuration of two quasiparticles as
Note that B j , B j+1 = 0 and B j , B j = 0.
As a consequence of Eqs. (C7) and (C8), we are guaranteed to have at least one A in between the B's in the configuration of Eq. (C9). Thus, the Hamiltonian H acts independently on each of the quasiparticles. That is, similar to Eq. (C5), we obtain (with subscripts taken modulo L)
where we have used Eq. (C10). To write Eq. (C11) compactly, we first obtain a useful identity by applying Eqs. (C2) and (C10)
Note that Eq. (C13) can be written as
where the conditions of Eq. (C10) are implicitly assumed, and we have used Eq. (C12). Using Eq. (C13), we obtain that
where in the third step we have interchanged j 1 and j 2 in the second sum.
Similarly, we obtain an exact eigenstate with n quasiparticles of momentum k, provided the quasiparticles are constrained to be separated by at least one site. We obtain the quasiparticle creation operators for the spin-2 magnon multiplet of the AKLT chain. Representing the AKLT ground state as |G , the highest weight state of the spin-2 magnon exact eigenstate (up to a normalization constant) reads [6] 
Since the AKLT Hamiltonian is SU (2) symmetric [6] and |S 2 has a total spin 2, we can obtain 5 linearly independent eigenstates with the same energy. They are
We now express the rest of the states in the multiplet of Eq. (D2) as quasiparticles states of the form of Eq. (53) .
Note that with the onsite spin-1 operators defined as in Eq. (E1), their commutation relations read
We start with the S z = +1 state and using the fact that S − |G = 0, we express it as
where we have used Eq. (D4) and omitted an overall normalization factor. Similarly, we can apply the lowering operator on Eq. (D5) and write
Repeating the same steps again, we also obtain
Hence, an arbitrary eigenstate in the multiplet of the spin-2 magnon exact eigenstate is given by
Appendix E: Derivation of Eq. (59) We consider the spin-1 operators
where the basis is in the order {|+ , |0 , |− }. We further denote the 3 × 3 identity matrix by 1. Since S · S in Eq. (60) commutes with the total spin operator on two sites S z 2 ≡ S z ⊗1+1⊗S z , it is straightforward to compute the matrix elements of the restriction of ( S · S) 2 − 1 ⊗ 1 onto the spin S z 2 = 0 sector as
where the two spin-1 basis is in the order {|+− , |00 , |−+ }. Further, it is also straightforward to compute that ( S · S) 2 − 1 ⊗ 1 is the zero matrix when restricted to the S z 2 = 0 sectors. Hence we directly deduce Eq. (59) .
The conditions of Eqs. (18) and (30) guarantee a quasiparticle eigenstate of H with energy E = 2E 1 + E 2 .
Here we show that in addition to Eqs. (F1)-(F3), the quasiparticle constraints of Eqs. (78)-(80) guarantees the existence of a quasiparticle tower of exact eigenstates. We first illustrate the exactness for two quasiparticles dispersing in the ground state background, by defining the configuration of two quasiparticles as BB j1 , BB j2 = j1,j1+1 j2,j2+1
[A · · · A BBA · · · A BBA · · · A] .
(F8) Note that as a consequence of Eq. (80), we are guaranteed to have at least one A in between the BB's in the configuration of Eq. (F8). That is,
Thus, the Hamiltonian H acts independently on each of the quasiparticles. The proof proceeds straightforwardly following the single-site quasiparticle case (see App. C 2). Indeed, after simplification using Eqs. (F2) and (F9), we obtain H BB j1 , BB j2 = h j1−1 + E 1 + E 2 BB j1 , BB j2
where the conditions of Eq. (F9) are implicit. As for Eq. (C14), we obtain that H L j1,j2=1 e ik(j1+j2) BB j1 , BB j2
e ik(j1+j2) BB j1 , BB j2 , (F11)
Similarly, we obtain an exact eigenstate with n quasiparticles of momentum k, provided the quasiparticles are constrained to be separated by at least one site. Thus, we obtain a quasiparticle tower of exact eigenstates {|S 2n } with energies {n(2E 1 + E 2 )}.
Thus, for the perturbed Potts MPS, using Eq. (H2) we obtain A = span{ 1 6 |+− + |−+ + 2 |00 ,
In terms of total angular momentum eigenvectors, A of Eq. (H4) reads A = span{ J 2,0 , J 2,−1 , J 1,0 , J 2,1 },
where the total angular momentum eigenstates J j,m are enumerated in App. B. We then compute the B subspace defined in Eq. (73), which reads 
Consequently multisite MPS can be obtained with a matrix multiplication of the coefficients and a tensor product over the physical indices. Using the operator O (2) = (S + ) 2 ⊗ S + + S + ⊗ (S + ) 2 , using Eq. (I3), we straightforwardly obtain the expression for the BB quasiparticle tensor defined in Eq. (67):
where the 2 × 2 matrix is over the auxiliary indices and the |· is over the physical index of the BB tensor. As shown in Eq. (75), we can always decompose (in a non- 
where we have used Eq. (I1).
Equating the two components of the row vector in Eq. (I12), we obtain
Similarly, solving Eq. (77), we obtain
where E ≡ E 1 = E 2 . Adding Eqs. (I14) and (I15), we obtain
However, using Eq. (I2), we obtain 
We have thus shown that a solution to Eqs. (76) and (77) for the MPS of Eq. (H1) exists, provided the tensor C satisfies Eq. (I17) and the Hamiltonian term satisfies Eq. (I18).
